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Abstract

In this dissertation we study a derived graph called the triangle graph of a graph.
We start by giving a brief background on derived graphs, followed by some basic
definitions in graph theory which are relevant in this work. We then discuss some
well known classes of graphs and some well known graph operations.
Thereafter, we give a known formal definition of a line graph, followed by a few
examples and some well known results on line graphs. This leads to the introduction
of the main structure of this work, the triangle graph of a graph. We define the
triangle graph of a graph and clarify the concept with examples. Then we establish a
few properties of a triangle graph of a graph, followed by establishing triangle graphs
of certain classes of graphs.
Finally, we conclude the dissertation by discussing vertex-join of a graph and the
relationship between the graph G, and the triangle graph of a vertex-join of G.

— Elias Sithole
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Chapter 1

Introduction

In this chapter, we give a brief background on derived graphs. Thereafter, we give an
overview of the dissertation, followed by some basic definitions in graph theory which
are relevant to this work. Furthermore, we list some well known classes of graphs.

We conclude this chapter by stating some known graph operations.

1.1 Background on derived graphs

The whole universe is based on the concept of graph theory where love
is an edge, that is connecting two vertices or people either directly or

indirectly.
Yatin Mehndiratta

It is no coincidence that there is a vast interest in graph theory. Its wide range of
applicabilites makes it one of the most intriguing concepts in modern day applied
mathematics. The quotation by Yatin Mehndiratta, for instance, shows graph theory
being applied in the field of psychology. Although this background is not about the
general history of graph theory, it is however necessary to mention Leonhard Euler.

Many authors regard Leonhard Euler as the father of graph theory. The Konigsberg



bridge problem which can be traced back as early as the year 1736 was introduced
by Leonhard Euler. Within graph theory, there are various interesting topics worth
studying, one particular topic which is interesting and relevant to our study is derived
graphs. There is a wide range of problems which can be studied on derived graphs,
for instance studying structural properties of the derived graph in comparison to
the original graphs. We now give a brief history of derived graphs. Not only will
this background highlight some important historical events, but it will also lay out a
foundation of the subject matter of this dissertation. It is important to note that a
derived graph is obtained from a certain graph operation. It is from different kinds
of graphs operations that we are able to derive graphs.

We first discuss graph operations of which they were independently discovered by
different authors. We begin with two of the most common graph operations, the
graph union and graph join. Not much is known in terms of the history of these two
operations, however for more information, see [9]. Another graph operation which
is widely known is graph product, but comes in many different forms. There is a
handbook on products of graphs, hence for definitions, examples and most theory
on products, we refer to [8]. There are four fundamental graph products, namely,
cartesian product, direct product, lexicographic product and strong product. All of
which each were introduced by a different author, except for the cartesian product
and direct product.

Introduced in 1912 by A.N. Whitehead and B. Russell, the cartesian product has
been widely studied and regarded as the simplest graph product. The direct product
also referred to as the tensor product or kronecker product, was introduced by A.N.
Whitehead and B. Russell and traces back to the same year as the cartesian product,
1912. It is important to know that different authors use different notations for these
products. Another well known graph product is the lexicographic product, which
dates back to the year 1914. Finally, the strong product was introduced in 1960 by G.
Sabidussi. It was only around the years 1960 - 1961 that authors began studying graph



products actively. Some very interesting problems in graph theory arise from just
studying these products alone. In 1960, G. Sabidussi came up with a very intriguing
theory. One of the questions which was addressed is, do graphs factor uniquely into
primes over a given product? G. Sabidussi and V.G. Vizing went on to show that a
connected graph which is a cartesian product can be uniquely factored into primes,
which is now called the Sabidussi-Vizing theorem. In 1986, J. Feigenbaum and A.
Schéffer, showed that prime factorization is not easy for the lexicographic product
and went further in 1992 to show that it is possible for graphs to factor uniquely into
primes over the strong product. W. Imrich, used the very same approach in 1998 for
the direct product.

Another graph operation known as line graph is one of the most well known graph
operations. Line graphs were first introduced by H. Whitney [20], traced back to the
year 1932. Although H. Whitney was the first person to introduce line graphs, H.
Whitney never coined this name. We will give more details on the history of line
graphs in Chapter 2.

Another well known graph operation is the intersection of graphs. Just like with graph
products, there are different classes of intersection graphs. A class of intersection
graphs called interval graphs was discovered by S. Benzer, see [4]. He saw it fitting
that a string of genes representing a bacterial chromosome be regarded as a closed
interval on the real line. Interestingly, this led to another discovery of a class of
intersection graphs called string graphs. In 1959, G. Hajés [9], proposed that a
graph can be associated with every finite family F' of intervals. C. Lekkeikerker
and J. Boland [12] continued with this work in 1962 and so did P.C. Gilmore and
A.J. Hoffman [7] in 1964. Another class of intersection graphs called circular arc
graphs, appeared in the year 1964 in the paper published by H. Hadwiger [11]. More
publications followed thereafter, most notably by W.E. Klee in 1969 and A. Tucker
who wrote on circular graphs in a Ph.D thesis in 1969.

We now mention chordal graphs which are also classified as intersection graphs, first



studied by A. Hajnal and J. Suranyl [1] in 1958. Back then chordal graphs were mostly
referred to as rigid circular graphs or triangulated graphs. In 1960, C. Berge [1] went
on to introduce the notion of perfect graphs which also involves chordal graphs. There
are many other classes of intersection graphs which we will not go through their
backgrounds, for example, circle graphs, trapezoid graphs, disk graphs, tolerance
graphs, permutation graphs, etc.

In this dissertation, we derive our own graph called a triangle graph of a graph.
The dissertation, will be centered around some results in line graphs which will be

mimicked for a triangle graph of a graph.

1.2 Overview

Chapter 1 is a brief introduction to graph theory. We introduce the main structure
of this work, a graph. We then give some basic definitions in graph theory along with
examples illustrating these definitions. In Section 1.4, we study classes of graphs
which are relevant in this dissertation. Finally, in Section 1.5, we give some com-
monly known graph operations, in particular we discuss the concept of intersection

graphs.

In Chapter 2, we start by giving a brief history on line graphs. Then, we describe
and define line graphs followed by a few examples. We discuss line graphs of some
classes of graphs in Section 2.4, and conclude the section by stating and proving some

properties of line graphs of classes of graphs.

Our main objects of study appear in Chapter 3, where we start by establishing no-
tations for the rest of the dissertation. We then give a formal definition of a triangle
graph of a graph followed by examples and some properties. In all the other sections

that follow, we study triangle graphs of some classes of graphs. We state and prove



some properties of these classes of graphs.

Chapter 4, investigates the triangle graph of a vertex-join. We begin by giving a for-
mal definition of a vertex-join of a graph. We then state and prove some properties

of the triangle graph of a vertex-join followed by some examples of classes.

In Chapter 5, we conclude this dissertation and point out some problems that emerged

from this study which may be of particular interest for further study.

1.3 Basic definitions

In this section, we define some concepts in graph theory which are of particular
interest in this dissertation. For the definitions in this section, we refer the reader to

3, 6, 9], unless otherwise stated.

Definition 1.3.1. A graph is an ordered pair G = (V, E), where V' is a non-empty

set of elements called vertices of G and E. The elements of E are called edges of G.

In graph theory, we use the idea of representing vertices as points and edges as lines to
form a graph. We often write V(G) to denote the vertex set of G and E(G), to denote
the edge set of G. The edge {p, ¢}, will join vertices p and ¢ in G. Alternatively, we
denote the edge {p, q} by pq or gp. We say vertices p and ¢ are endpoints of the edge
pq. Two vertices p and q are said to be adjacent to each other if they have a common
edge. Two distinct edges are adjacent or incident if they have a common end vertex.
If we have e = pg then e is said to be incident to vertices p and q.

The number of vertices in a graph is called the order of the graph and is denoted by
|[V(G)|. The number of edges in a graph is called the size of the graph and is denoted

by [E(G)|.
Definition 1.3.2. A set of two or more edges connected to the same pair of vertices

is called multiple or parallel edges. An edge with one repeated endpoints is called



a loop. A simple graph is a graph with no loops and multiple edges. Two adjacent
vertices are called neighbors. The set of all neighbors of a vertex p is called the open

neighborhood denoted by N(p). The closed neighborhood of a vertex p is given by
Nlp] = N(p) u{p}.

Definition 1.3.3. The degree of a vertex p, is the number of all the edges incident
to the vertex p and is denoted by deg(p). If a graph G has a loop at vertex p then
when counting the degree of the vertex p, the loop will be counted twice. The largest
degree of a graph G is called the mazimum degree denoted A(G) and the minimum
degree is denoted by 0(G). A degree sequence of a graph G, is simply a list of all
degrees of each vertex in V(G). The sequence can be given in either nonincreasing or

nondecreasing order.

Definition 1.3.4. A graph G is a subgraph of a graph F if V(G) C V(F) and
E(G) C E(F). If G is a subgraph of F' we can write G C F. G is a spanning subgraph
of Fif V(G) = V(F). G is an induced subgraph of F if every edge of F' with endpoints
in V(G) is also an edge in G, hence we denote it by G[F].

Definition 1.3.5. A graph G is bipartite if V(G) can be partitioned into two sets,
X and Y such that every edge of GG is incident to a vertex of the set X and a vertex
of set Y.

Example 1.3.6. Consider the graph G given in Figure 1.1. The vertex set of the
graph G is V(G) = {v1, va, v3, v4, V5, U6, U7, v3} and the edge set

E(G) = {eq, v109, U3, Va5, U304, V4U7, VsVg, UgU7, U70s, €10 . The order of G is [V (G)| =
8 and the size is |E(G)| = 10. Edges e; and ej are loops. The degrees of the ver-
tices are as follows: deg(v)) = deg(vy) = deg(v;) = deg(vs) = 3 and deg(vs) =
deg(vy) = deg(vs) = deg(vg) = 2. Hence the degree sequence is 3,3,3,3,2,2,2,2.
The open neighborhood of vertex vy is given by N(v7) = {vy, vs, vs}, while the closed
neighborhood is given by, N[v;] = {v4, v, vs} U {v7}.



Figure 1.1: A graph G.

Definition 1.3.7. A walk is a way of getting from one vertex to another, consisting
of an alternating sequence of vertices and edges, vpejviesvs ... €e,v,, such that all
consecutive vertices are adjacent to each other. If all the edges of a walk are different,
then we refer to it as a traul. If all the vertices of a trail are different, then we refer
to it as a path. A walk is closed if the first and last vertices are the same. If the first
and last vertices are distinct, then we refer to it as an open walk. A cycle is a trail

with all vertices different, however the first and last vertices are not different.

Example 1.3.8. Consider the graph G given in Figure 1.2. Sequence v1bv, fvg fvohvs
is a walk which is not a trail. Sequence v1bv, fvggusevabus is a trail however it is not
a path. Sequence v,bvy fuggus is a path as we can see that the vertices and the edges
are all different. Sequence vohvsivscvgduy is a cycle since the first and last vertices

are the same.

Uy c U5 g U6

U1 v2 U3

Figure 1.2: A graph to illustrate walks.



Definition 1.3.9. A graph is said to be a connected graph if there is a path from
any one vertex to any other vertex. A graph that is not connected is a disconnected

graph.

Example 1.3.10. The graphs in Figure 1.3 are examples of a connected and a dis-

connected graph.

Figure 1.3: A connected graph G and disconnected graph H.

Definition 1.3.11. A bridge is an edge in a graph G that when deleted, the resulting

graph is disconnected.

Definition 1.3.12. Consider the function © with the mapping © : V(G,) — V(G3)
where G; and Gy are two simple graphs. G is isomorphic to Go if © is a bijec-

tion which preserves adjacency and non-adjacency. Thus, we have wv € E(G;) <

O(u)O(v) € E(Gy) and we write G = Go.



1.4 Classes of graphs

In this section, we discuss some well known classes of graphs. For the definitions in
this section, we refer the reader to [3, 6, 9, 16], unless otherwise stated.

A class of graphs is a set of graphs having certain specified properties. We discuss,
a few classes of graphs which are basic and relevant to this dissertation. We begin

with a class of graphs known as trees.

Definition 1.4.1. We define a tree as a graph in which any two vertices are connected
by a path and has no cycles. We denote a tree on n vertices as t,,. A forest, is defined as
a union of trees. Some trees are classified based on their properties. A graph of order
n with vertex set V = {v1,vs,...,v,-1,2} and edge set E = {xvy,x0q,..., 20,1}
is a tree called a star, denoted by S,. A path is a tree of order n, with vertex set
V = {v1,vq,...,v,} and edge set E = {v;u;41 | for i € {1,2,...,n— 1} }, denoted
by P,.

It is important to note that a tree has no multiple edges and loops, thus a tree is a

simple graph.

Example 1.4.2. The graphs given in Figure 1.4 are examples of trees.



I P(lth, 133

Tree,tig

Star, Sy
Figure 1.4: Trees.

Definition 1.4.3. A null graph of order n is a graph with vertex set V' = {vy, va, ..., v,}
and edge set E = {} =0, denoted by N,,.

Example 1.4.4. The graphs given in Figure 1.5 are examples of null graphs.
.7-'111

® v
@

®

o [ %

v
Qu: oy

Nl Nz z‘?\/vg N4

Figure 1.5: Null graphs.

Definition 1.4.5. A complete graph is a graph with vertex set V = {vy,vq,...,0,}
and edge set £ = {vv; | i #ji,j€{1,2,...,n}}, denoted by K,.

10



Note that the degree of each vertex of a complete graph K, is n — 1.

Example 1.4.6. The graphs given in Figure 1.6 are examples of complete graphs
namely; K, Ky, K3, and Kj.

K, K>

N

K3

Ky

Figure 1.6: Complete graphs.

Definition 1.4.7. A cycle graph of order n is a graph with vertex set V- = {vy,vq,..., v, }
and edge set E = {0109, U903, U304, - . ., Un_1Uy, V01 }, denoted by C,,. Note that a cy-
cle graph is isomorphic to a closed trail with all the vertices different except for the
first and last vertex. In particular, Cj is often referred to as a triangle, Cy referred

to a square and (5 referred to a pentagon.

Example 1.4.8. The graphs given in Figure 1.7 are examples of cycle graphs namely;
03, 04 and 05.

11



)
Vg Vs U9

[ ]

Vg vy

Ui V12

03 C 4

Figure 1.7: Cycle graphs.

Definition 1.4.9. A graph G is called regular if all the vertices have the same degree,

thus a graph is k-regular if every vertex of GG has degree k.

Note that a complete graph of order n, is an (n — 1)-regular graph and any cycle

graph is 2-regular.

Example 1.4.10. The graphs given in Figure 1.8 are examples of regular graphs

namely; O-regular, 1-regular, 2-regular and 3-regular.

i1

0-regular 1-regular
1
1
1
1
1
2-regular : 3-regular

Figure 1.8: Regular graphs.

Definition 1.4.11. A wheel graph of order n is a graph with vertex set V =

{v1,v9,...,v,,x} and edge set

E = {{v,v}, {vo,v3},... {vn_1, 00}, {v1, 2}, {ve, 2}, ..., {vn_1,2}},

12



denoted by W,,. Note that the edge of the form v;x is called a spoke, while the edge
of the form v;v;11 where i € {1,2,...,n,n — 1} is called an arc of a wheel graph. For

further details on wheel graphs, we refer the reader to [16].

Example 1.4.12. The graphs given in Figure 1.9 are examples of wheel graphs
namely, W, and Wi.

LV4

Figure 1.9: Wheel graphs W, and Wi.

Definition 1.4.13. A flower graph is a graph with vertex set V' = {1,2,...,n,n+
1,...,n(m —1)} and edge set

E={{1,2}.{2,3},....{n—1,n}, {n, 1}}U{{L,n+1}, {n+1,n+2}, {n+2,n+3},
{n+3,n+4}, ..., {n+m=3,n+m—2}, {n+m—2,2} }U{{2, n+m—1}, {n+m—1,n+m},
{n+mn+m+1},{n+m+1,n+m+2} ... {n+2(m—-2)—1,n+2(m-2)},

(n+2(m—2),310,...,u{{n,n+ (n— 1)(m — 2) + 1},
{n+(n—1)(m-=2)+1,n+(n—1)(m-2)+2}, {n+(n—1)(m—2)+2,n+(n—1)(m—2)+3},

{n+n—1m-=2)+3,n+n—1)(m—2)+4},...,{nm —1,nm}, {nm, 1}}.

Note that the m-cycles are called the petals and the n-cycle is called the center of
anm-

13



The order of f,xm is given by |V(G)| = n(m — 1) and the size by |E(G)| = nm. For

further details on flower graphs, we refer the reader to [16].

Example 1.4.14. The graphs given in Figure 1.10 are examples of flower graphs

namelY§ f4><4 and f4><6-

4 x 4 flower 4 x6 flower

Figure 1.10: Flower graphs.

Definition 1.4.15. A Plane graph is a graph which is given on a R? plane and where

none of the edges of the graph cross each other.
Definition 1.4.16. A Planar graph is a graph that is isomorphic to a plane graph.
For further details on plane and planar graphs, we refer the reader to [3].

Example 1.4.17. The two graphs given in Figure 1.11 are examples of a planar and

a non planar graph.

14



Figure 1.11: A planar graph G and non planar graph H.

1.5 Graph operations

In this section, we discuss some of the most commonly used graph operations in graph
theory which are relevant to this work. For the definitions in this section, we refer

the reader to [2, 3, 8, 9].

1. The union of graph G| and graph G5, denoted by G U G5 is a graph G with
vertex set V(G) = V(G1) UV(G2) and edge set E(G) = E(G1) U E(Gs).

Example 1.5.1. The graph in Figure 1.12 is an example of a union graph
G = G U Gy, with vertex set V(G) = {v1, v, v3, 04, U5, U1, Uz, us, ug } and edge

set E(G) = {617627 €3, 64765766} U {h17 h’27h37 h47 h’5}

15



vy U5 Uz ha u3 hs &
€3 €g ha
€1 e hy hs
[ €5
, U
v1 Vs v3 1
G Gy
U3 U,
vy U5 2 hy 3 hs 4
es ) ha
€1 €4 €6 h 1 }7,3
€2 €5
uy
U1 V2 3

v

1

U

G1 UG,
Figure 1.12: The union G; U Gs.
2. The intersection of graph G and graph G, denoted by G; N G5 is a graph G

with vertex set V(G) = V(G1) N V(G3) and edge set E(G) = E(G1) N E(Gs).

Example 1.5.2. The graph in Figure 1.13 is an example of the intersection of
graphs G = G1 N Gy, with vertex set V(G) = {a, b} and E(G) = ab.

@ b a b
m o~ o
f e —
\/ >
(&
Gy

a b
G

Figure 1.13: The intersection G N GYs.

3. The cartesian product of graph G, and graph G5, denoted by GG; x G5 is a graph
G with vertex set V(G) = V(Gy) x V(G2) = {(w;,vj)|u; € V(Gy),v; € V(G2)}

16



and the edge set E(G) has elements {(u;, v;), (ut, vs)} where u; = u; and v;uy is

an edge in G or v; = v, and u,;u; is an edge in Gj.

. The lexicographic product of two graphs G; and G5, denoted by Go H is obtained
from the cartesian product by adding extra edges of the form, vertices (u;, v;)

and (u;j,v;) are adjacent if u;u; € E(G1) and v;v; € E(G2).

Example 1.5.3. Consider the graph G with vertex set V(Gy) = {a,b} and
graph G with vertex set V(Gs) = {0,1,2} in Figure 1.14. The graph G =
G1 X G5 in Figure 1.15 is an example of the cartesian product of graph G,
and graph G, with vertex set V(G) = {(a,0),(a,1), (a,2), (b,0),(b,1),(b,2)}
and edge set F(G) = {00,01,01,12,12,22}. The graph G; o G5 in Figure 1.15
is an example of the lexicographic product of graph G; and graph G5 with
vertex set V(Gy o Gy) = {(a,0), (a,1),(a,2),(b,0),(b,1),(b,2)} and edge set
E(G1 0 Gs) = {00,01,01,12, 12,22, al, a2, a2, b1, b1, b2} .

CYVl G2

Figure 1.14: Graphs G; and G,.

17



00 00

R (a,0) (b,0)
(0 ®.0) al bl
01 01 01} a2 b2 |01
(a,1) (1) (a,1) 1 (b,1)
11 > -
12 12 12 12
(a,2) 25 (b,2) (a,2) 22 (b,2)
Gl X G2 Gl o G2

Figure 1.15: Graphs G x G5 and G o Gj.

5. The ring sum of G; and G, denoted by G; @ Go, has vertex set V(G) =
V(G1) UV (G,) and edge set E(G) = E(G1) U E(G2) — E(G1) N E(G3). Thus
for the edge set of the ring sum we take edges that are either in GGy or G5 but
not in both.

Example 1.5.4. Consider the graphs in Figure 1.16. V(G1) = {v1, v9,v3,v4, 05},
E(G1) ={a,b,c,d.e, f,g} and V(G2) = {v1,v3,va, 06}, E(G2) = {f, 9, h. i, j, k}.
The graph G1 @G5 is an example of the ring sum of graph GG and graph G5, with
vertex set V(G) = {vy, v9, v3, 04, V5, U} and edge set F(G) = {a,b,c,d, e, h,i,j, k}.

V1

Figure 1.16: The graph G & G,.

6. The complement of the graph G, denoted by G is a graph with vertex set
V ={v1,v9,...,v,} and edge set E = {vv; | viv; ¢ E(G) }.

Example 1.5.5. Consider the graphs in Figure 1.17, graph G has vertex set
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V ={a,b,c,d,e, f} and edge set E = {ac,ae,bd,bf,ce,df}, while the comple-
ment of G has vertex set V = {a,b,c,d, e, f} and edge set

E ={ab,ad,af,bc,be,cd, cf,de,ef}.

Figure 1.17: A graph G and the complement G.

7. A chord of a cycle of four or more vertices in a graph, is an edge connecting two
vertices of the cycle which are not adjacent in the cycle. A chordal graph is a
graph where every cycle of length four or more has a cycle chord. Note that a

chordal graph is not unique.

Example 1.5.6. The graphs in Figure 2.1 are examples of chordal graphs.
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Figure 1.18: Graph G and the chordal graph, H and F' of G.

1.6 Intersection graph

In this section, we introduce another form of creating graphs, called intersection

graphs. For the definitions in this section, we refer the reader to [9, 14].

Definition 1.6.1. Let F' = {fi, fo,..., fn} be a set of sets. An intersection graph
G is a graph with the vertex set V(G) = {fi, f2, f3,--., fn} and edge set E(G) =

{fifel AN fa#0}.

There are many classes of intersection graphs in the literature. In this section, we

give one example of intersection graph called interval graphs.

Definition 1.6.2. A graph G is said to be an interval graph, if a set of intervals
on a real line can be put into one-to-one correspondence with a set of vertices. Two

vertices will be adjacent to each other if the intervals have non-empty intersection.
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Example 1.6.3. The graph in Figure 1.19 is an example of an interval graph. Each

interval corresponds to a vertex in graph G.

m ] P

i

Interval

Graph G

Figure 1.19: Interval graph.
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Chapter 2

Line graphs

2.1 Introduction

In this chapter, we discuss the concept of a line graph of a graph. We begin by
giving a brief background of line graphs. Then, we give a formal definition of a line
graph, illustrating with examples. Thereafter, we give some properties of line graphs

followed by line graphs of some known classes of graphs.

2.2 Background on line graphs

It is not clearly known as to when exactly, line graphs were introduced, however, we
trace it back as early as the year 1932, see [20]. We mentioned in Section 1.1, that
H. Whitney was the first person to introduce the concept of line graphs. In 1932,
H. Whitney proved that a connected graph can be completely removed from its line
graph under a special case, see [20]. Different authors followed on H. Whitney’s work
in which most rediscovered the concept and many came up with their own names,
(). Ore used the name interchange graphs, G. Sabidussi used the name derivative
graphs and L.W. Beineke used the name derived graphs just to mention a few, see [9].

The name line graph was first used by F. Harary and R.Z. Norman in 1960, [10], but
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before that line graphs were just commonly known as edge graphs.

2.3 Line graph of a graph

In this section, we give a formal definition of a line graph, followed by illustrations
of this concept through examples. We then give some well known properties of line
graphs. For further details of the discussion in this section, we refer the reader to

3, 9, 19] unless stated otherwise.

Definition 2.3.1. Let G be a graph with vertex set V(G) = {v, v, ...,v,} and edge
set £(G) = {vjv; =e;; | for somei,j € {1,...,n}}. The line graph of the graph G,
denoted by L(G) is a graph with vertex set V(L(G)) = E(G) and edge set E(L(G)) =
{eijeix | €ij, e € E(G)}.

It is important to note that edge e;; = ej; since v; and v; are end points of an
edge without any order. Hence we can rewrite the edge set of the line graph as
E(L(G)) = {eijew | €ij, ews € E(G)} where i € {l,k} or j € {l,k}.

Example 2.3.2. The graph GGy given in Figure 2.1 has vertex set

V(G1) = {v1,v9, 03,04, 05,06} and using the notation in Definition 2.3.1, has edge set

E(G1) = {e12, €23, €24, €34, €35, €45, €56 } -

Figure 2.1: Graph Gj.

We now construct the line graph L(G1) of the graph G; given in Figure 2.2. L(G)
has vertex set V(L(G1)) = E(G1) = {e12, €23, €24, €34, €35, €45, €56} and has edge set
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E(L(Gh)) = {e12623, €12€24, €23€24, €23€35, €23€34, €24€34, €24€45, €34€45, €34€35, €35€45 }

U {esses6, €a5€56} -

€12
€12€23 €12€24
€23€24
€23 €24
€23€34
€24€34
€e23€35 €24€45
€31\ esaeds
€34€35
€35 €35€45 €45
€355 €45€56

€56

Figure 2.2: The line graph L(G;) of graph Gy.

Example 2.3.3. The graph G5 given in Figure 2.3 has vertex set
V(Gg) = {v1,v9, v3, 04, v5, v, v7} and using the notation in Definition 2.3.1, has edge

set B(G2) = {e1s, €23, €34, €35, €56, €57, €67 }-

v
Y6 €67 7

Figure 2.3: Graph Gs.

We now construct the line graph L(G3) of the graph Go given in Figure 2.4. L(G3)
has vertex set V(L(G2)) = {eis, €23, €34, €35, €56, €57, €67} and edge set
E(L(Gz)) = {613623, €13€34, €13€35, €23€34, €23€35, €34€35, €35€56, €35€57, 656657} U

{6566677 657667} .
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Figure 2.4: The line graph L(G5) of graph Gs.

The following proposition, states without proof, some well known basic properties of

line graphs.

Proposition 2.3.4. Let G be a graph and L(G) the line graph of G. Then
(a) G is connected if and only if L(G) is connected.

(b) L(H) is a subgraph of L(G) if H is a subgraph of G.

(c) The degree of vertezx e in L(G) is given by dg(u) 4+ dg(v) — 2, where e = uv is an
edge of the graph G.

We state the following well known lemma which will be used in proving Proposi-

tion 2.3.7.

Lemma 2.3.5. Let G be a graph of order n and size m with degree sequence dy, ds, . . ., d,.

Then .
1 =n
- = dz
m= ;
Proof. Consider an edge e = uv of graph G. Let d; = dg(u) and dy = dg(v), then

the edge e contributes +1 in d; and +1 in dy. Thus summing the degrees counts each

edge twice. If u = v, then say ds does not exist, so we have the edge e contributing
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2 in dy. Hence in the summation d; + ds + ... + d,, each edge of GG, contributes +2.

Since there are m edges then,

om = dy+do+... +dy
1 n
= Y d.
O

We state the following theorem on counting the number of edges of the line graph of
G without proof. However, we will prove an alternative proposition thereafter. We

refer the reader to [3, 9].

Theorem 2.3.6. Let G be a simple graph of order n and size m with degree sequence

di,ds, ..., d,. Then the number of edges of the line graph L(G) is given by,

The following proposition is an alternative of Theorem 2.3.6. We refer the reader

to [6, 9] for further details.

Proposition 2.3.7. Let G be a graph of order n and size m and let L(G) be the line
graph of G. Let dy,ds, . ..,d, be the degree sequence of the graph G. Then the size of
L(G) is,

m(L(@) =3 @)

i=1

Proof. Consider a simple graph G with the degree sequence di,ds, ..., d,, then it
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follows that,

1 i=n
m(L(G)) = —m+ 5 Z (d;)> by Theorem 2.3.6
i=1

1 ¢ 1
= -3 ;di +3 Z (d;)*> by Lemma 2.3.5

=1
_ %Z(di)Q _ %Zdi
=1 =1
- Iy ae-
=1

e dildi = 1)(d = 2)!
B Z 2!(d; — 2)!

=1

= d;!
B Z 2!(d; — 2)!

=1

3203

i=1

2.4 Line graphs of some classes of graphs

In this section, we give line graphs of some classes of graphs defined in Section 1.4.

2.4.1 Cycle graphs

Recall Definition 1.4.7, that a cycle graph of order n denoted by C),, is a graph with
vertex set V' = {vy,vq,...,v,} and edge set E = {v1v, 0o03, U304, . . ., Up_1Vp, Up¥1 }.
The following proposition states without proof some properties of cycle graphs, see [3,

6].
Proposition 2.4.1. Let C,, be a cycle graph of order n. Then,

e (), is 2-reqular.
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e (), is a connected graph.
e The sum of the degrees of the vertices of C,, is twice the number of vertices.

We now state and prove a theorem on the line graph of a cycle graph. We refer the

reader to [3].

Theorem 2.4.2. Let C,, be a cycle graph of order n. Then the line graph L(C,) of

C, 1s a cycle graph of order n.

Proof. We know by Definition 1.4.7, that a cycle graph C), is a graph with vertex
set V= {vg,v9,...,0,} and edge set E = {v1v9, 0903, V304, ..., Up_1Upn, Vpv1}. By

Definition 2.3.1, the vertex set of the line graph of C), is given by,
V(L(Cy)) = {v1v2,v903,. .., 0p_10p, Uyv1 }
= {612, €235 -+ €(n—1)n, €n1} .
To obtain the edge set of the line graph L(C,), we relabel vertex e;; by w; where
i <j<n—1 wy for ep_1y, and w, for e, thus V(L(C,)) = {w, w, ..., wy}.

Note that since e;; = v;v;, then we know that e;; and ejj, will be an edge of L(C,,).

Hence the edge set is given by,

E(L(Cy,)) = {612623, €23€34, - - -, €(n—1)nCnl; €n1€12}
= {w1w2, WalWs, - -« Wp—1Wn, wnwl} .
This implies that L(C,,) is a cycle graph of order n, by Definition 1.4.7. O]

Example 2.4.3. The graphs in Figure 2.5 shows a cycle (5, and illustrates the
constructed line graph L(C5). The cycle graph C5 has order n = 5, size m = 5 and
degree sequence 2,2,2,2 2. The Line graph of C5, L(Cs) has order 5 and size 5.
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€12 €23

€51 €34

Figure 2.5: C5 and L(C5).

We verify Theorem 2.3.6 for the size of L(Cj), using size and degree sequence of Cj.

1 i=n
BILCS)]] = —mt5 ) ()’
i=1
= —5+%(22+22+22+22+22)

1
— —5+=(20
+5(20)

= 5.

2.4.2 Trees in general

Recall Definition 1.4.1, that a tree is a connected graph with no cycles. The following
proposition states without proof some properties of trees. We refer the reader to [3,

6, 9.

Proposition 2.4.4. Let t, be a tree on n vertices. Then,
(a) t, hasn — 1 edges.

(b) t, has at least two vertices of degree 1.

(¢) t, has one unique path between every pair of distinct vertices.

(d) t, has the degree sequence dy,ds, ..., d,, forn > 2 iﬁZdi =2n — 2.
i=1
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(e) Every tree is a bipartite graph.
We now state and prove a proposition on the line graph of a tree.

Proposition 2.4.5. Let t,, be a tree on n vertices. Then the line graph of t,, L(t,)

has n — 1 vertices.

Proof. By Proposition 2.4.4, t,, has n — 1 edges. Hence by Definition 2.3.1, the vertex

set of the line graph is the edge set of t,,. O

Example 2.4.6. The graphs in Figure 2.6 shows a tree, t15 and illustrates the con-
structed line graph L(t1). The tree, t1p has order n = 10, size m = 9 and degree
sequence 1,1,1,1,1,2,2,3,3,3. The Line graph of t19, L(t10) has order 9 and size 11.

L(t
t1o (t1o)

Figure 2.6: t19 and L(t19).

2.4.3 Path trees

Recall Definition 1.4.1, that a path tree of order n is a graph with vertex set V =
{v1,v9,...,v,} and edge set E = {v;v;41 | for i € {1,2,...,n — 1} }. The following
proposition, states without proof a property of P,. We refer the reader to [3] for
further details.

Proposition 2.4.7. Let P, be a Path tree on n vertices. Then P, is a tree with 2

vertices of degree 1 and n — 2 vertices of degree 2.
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We now state a theorem of the line graph of a path tree P,. We refer the reader
to [3, 9] for further details.

Theorem 2.4.8. Let P, be a path tree on n vertices where n > 2. Then the line graph
of P, L(P,) is a path tree P, ;.

Proof. We know by Definition 1.4.1, that a path tree of order n is a graph with vertex
set V= {wy,v9,...,0,} and edge set £ = {vv;y1 | for i€ {1,2,...,n—1} }. By
Definition 2.3.1, the vertex set of the line graph of P, is given by,

V(L(P,)) = {vive,vu3,..., 0, 10,}
= {612, €93, -+, e(n—l)n} .

To obtain the edge set of the line graph L(P,), we relabel vertex e;; by w; where
i < j and wy,_1 for e(,—1)n, thus V(L(P,)) = {w1,ws, ..., w,—1}. Hence the edge set

is given by,
E(L(P,)) = {e12€23,€23€34,-.,€n_2€n_1,€En_1€n}
= {wiwe, wows, ... Wy oWy _1}.
This implies that L(P,) is a path tree of order n — 1, P,_;. O

Theorem 2.4.9. The line graph of a simple graph G is a path tree, if and only if G

18 a path tree.

Proof. Let G be a path tree P, on n vertices. Then by Theorem 2.4.8, the line graph
L(P,) is a path tree, P,_;.

Now let L(G) be a path tree. Thus the degree of each vertex of L(G) is either 2 or
1, so no vertex has degree greater than 2. Hence G must either be a cycle graph or
a path graph, however it cannot be a cycle graph because by Theorem 2.4.2 the line
graph of a cycle is a cycle. Thus G is a path tree. m

Example 2.4.10. The graphs in Figure 2.7 shows a path tree P; and illustrates the
constructed line graph L(Ps). The tree, Ps has order n = 5, size m = 4 and degree
sequence 1,1,2,2 2. The Line graph of P5, L(Ps) has order 4 and size 3.
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Py L(Ps)

Figure 2.7: Ps and L(P).

2.4.4 Star trees

Recall Definition 1.4.1, that a star graph of order n is a graph with vertex set
V(Sn) = {v1,va,...,v,_1,2} and edge set E(S,) = {zvi,xvq,...,20,1}. The fol-
lowing proposition states without proof some properties of star trees, see [5, 17].

Proposition 2.4.11. Let S,, be a star tree. Then S,, has n — 1 vertices of degree 1

and one vertex of degree n — 1.
We now state and prove a property of the line graph of a star tree.

Proposition 2.4.12. Let S,, be a star tree. Then the line graph of S,, L(S,) is a

complete graph of order n — 1.

Proof. We know by Definition 1.4.1, a star graph is a graph with vertex set V' (S,,) =
{v1,v9, ..., 01,2} and edge set E(S,) = {zvy,zvy,...,20,_1}. By Definition 2.3.1,
the vertex set of the line graph of S, is given by,
V(L(S,)) = {zvi,zve,..., 20,1}
= {ezl, €x2y - - - ,ew(n,l)} .

To obtain the edge set of the line graph L(S,), we relabel vertex e,; by w;, thus
V(L(S,)) = {wi,we, ..., w,—1}. Hence, the edge set is given by

E(L(S,)) = {ww; | i#j and ¢,j€{1,2,...,n—1}}. By Definition 1.4.5 of a
complete graph, L(S,) is a complete graph of order n — 1. Il
Example 2.4.13. The graphs in Figure 2.8 shows a star graph Sg and illustrates the
constructed line graph L(Sg). The star graph, Sg has order n = 8, size m = 7 and
degree sequence 1,1,1,1,1,1,1,7. The Line graph of Ss, L(Ss) is a complete graph

of order 7 and is 6-regular.
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Ss

Figure 2.8: Sg and L(Ss).

2.4.5 Complete graphs

Recall Definition 1.4.5, that a complete graph is a graph with vertex set V =
{vi,v2,...,v,} and edge set E = {(vv;) | i #j 1,7 €{1,2,...,n}}. The following
proposition states without proof some properties of complete graphs. We refer the

reader to [3, 6] for further details.

Proposition 2.4.14. Let K, be a complete graph of order n. Then,
o K, is (n— 1)-regular.
e Fvery two vertices are adjacent.
e The number of edges is given by n(n — 1)/2.

Example 2.4.15. The graphs in Figure 2.9 shows a complete graph K, and illustrates
the constructed line graph L(K}). The complete graph K4 has order n = 4, size m = 6
and degree sequence 3,3, 3,3. The Line graph of K, L(K4) has order 6 and size 12.
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Ky L(K4)

Figure 2.9: K, and L(Ky).

2.5 Conclusion

In this chapter, we defined the line graph of a graph. We gave a few examples
and properties of a line graph of a graph. Using the classes of graphs we stated in
Chapter 1, we gave line graphs of some of these classes of graphs. We were able to

state and prove some properties of line graphs for these classes of graphs.
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Chapter 3

Triangle graph of a graph

3.1 Introduction

In this chapter, we discuss the concept of a triangle graph of a graph. We begin by
giving a formal definition of a triangle graph of a graph and illustrate with examples.
Then, we give some properties of triangle graphs. Thereafter, we give some triangle
graphs of some classes of graphs.

In this chapter to the end of the dissertation, a graph will mean a simple graph, that

is a graph with no parallel edges and no loops.

3.2 Basic definition

In this section, we begin by defining some notations and then giving a formal definition
of a triangle of a graph. In addition, we mention, the concept of the cycle graph of a
graph and illustrate using examples the difference between a cycle graph of a graph

and the new defined, triangle graph of a graph.

Definition 3.2.1. A triangle, is a subgraph of G isomorphic to C5. Thus a triangle
is a subgraph with vertex set {v;, vj, v} such that v;, v; and vy are distinct vertices

and edge set {v;v;, v;vg, VUL }.
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Notations:

Let G be a graph of order n with vertex set V(G) = {vy,vq,...,v,} and edge set
E(G). Let vv; € E(G), we denoted v;u; by e;; = ej;. A triangle on vertex set
{vi,vj, v} will be denoted by tx = tixj = tjki = tji = trij = trji. We denote the set
of triangles of G by T'(G).

We are now in the position to define the triangle graph of a graph.

Definition 3.2.2. Let GG be a graph. We define the triangle graph of GG, to be a graph
denoted by, Ta(G) with vertex set V(Ta(G)) = T(G) = {tijk | €ij, ejx, €ix € E(G) }
and edge set E(Ta(G)) = {tijetimn | {3, 7,k} N {l,m,n} # 0 and t;j, tymn € T(G) }.

Note that the triangle graph of a graph is not the same as the cycle graph of a graph,
where the cycle is of order 3. For cycle graphs of a graph, we refer the reader to [13],
but we give a formal definition of a cycle graph of a graph, and illustrate with an

example the difference with triangle graph of a graph.

Definition 3.2.3. Let GG be a graph. We define the cycle graph of a graph to be
a graph denoted by C(G), where the vertices are the chordless cycles of G and two
vertices are said to be adjacent if their corresponding chordless cycles share a common

edge.

Example 3.2.4. The graph G; given in Figure 3.1 has vertex set

V(G1) = {v1,v3, v4, V5, V6, V7, Vg, Vg } and edge set

E(G1) = {ews, eis, €34, €45, €57, €59, €67, €68, €78, €79} . The set of triangles of Gy, is
T(Gy) = {viv4vs, 50709, VU7Vt = {t145,t570, ters}. The triangle graph of G; has
vertex set, V(Ta(G1)) = T(G1) = {tiss, tsro, ters} and has edge set E(Ta(G1)) =

{t15t579, tsroters ) -
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tors

ts79l678

ts79

Gy Ta(Gh)

Figure 3.1: Graph G and the triangle graph of Gj.

We now construct the cycle graph of GG; where the cycles are of order 3. The cycle
graph will have vertex set {t145, tg7s, te7o }. We note that there is no edge intersection

between t145 and t579, t145 and t678 and t579 and t678- Hence E[C(G)] = {}

tis @ @ tors

Figure 3.2: The cycle graph of G.

Example 3.2.5. The graph G, given in Figure 3.3 has vertex set

V(Gs) = {v1,ve, v3, 04, U5, Vg, U7, Vs, Vg, V10 } and edge set

E(Gy) = {612,613,623,624763476357645,646,656766776687678,679,68,10,69,10}- The set of
triangles of Gy, T'(Gy) = {10903, V2V30y, V3V4V5, V4VUsVg, VeU7Vs } = {t123, tasa, t345, tase, ters -
The triangle graph of Gy has vertex set V(Ta(G2)) = T(G2) = {t123, tass, t34s, tase, ters }

and has edge set E(Ta(G2)) = {t125t234, t125t345, tazatsas, tazatase, t3astase, taseters } -

37



) . 234
o €24 a L7 er U9 t123t2sa 234

tas

€2 eor tasetors
€15

€9,10 t123t345
€34 U6

Ta(Go)

Gy

Figure 3.3: Graph G5 and the triangle graph of Gb.

We now construct the cycle graph of Gy where the cycles are of order 3 only. The cycle

graph WIH have vertex set {tlgg, t234, t345, t456, t678} and edge set {t123t234, t234t345, t345t456} .

1934 1456

t123

Figure 3.4: The cycle graph of Gbs.

3.2.1 Basic properties

We now state and prove some basic properties of a triangle graph of a graph.
We recall Definition 1.3.2 that a graph is simple if it has no loops and multiple edges.
Thus if G is a simple graph, it implies that there is at most one edge between each

pair of distinct vertices.

Proposition 3.2.6. Let G be a graph and let Ta(G) be the triangle graph of G. Then,
(a) TA(G) is a simple graph.

(b) TaA(G) is an empty graph of order 0 if G is a tree of any order.

Proof. (a) By Definition 3.2.2, of a triangle graph, Ta(G) is a simple graph since
there is a single edge connecting a pair of distinct triangles whose vertex sets has

a non-empty intersection.
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(b) Let G be a tree of any order. By Definition 1.4.1, a tree has no cycles, which
implies that G' does not contain any set of triangles. Thus T(G) = {} = 0, hence
Ta(G) is an empty graph.

]

Proposition 3.2.7. Let G be a graph and Ta(G) the triangle graph of G. Ta(G) is
empty if and only if G has no subgraph isomorphic to Cs.

Proof. Assume Th(G) is an empty graph of order 0. Then V(TA(G)) = {}. Thus
T(G) = {} . This implies, the set of triangles of G is empty. Hence G has no cycles
of order 3.

Assume that the graph G has no cycles of order 3. Then the set of triangles T'(G) = {}.
This implies V(Ta(G)) = {}. Therefore, Ta(G) has order 0. O

Recall that t;;, is a triangle with vertex set {v;, v;, v} which we now denote by V' (¢;;1).
Recall that T'(G) is the set of all triangles of G. We denote the union of the set of
vertices of all triangles of G by V(T'(G)) = {v; | vi € V (tix) where t;;, € T(G) }.

Proposition 3.2.8. If V(T(G)) can be partitioned into V(T1(G)) and V(T5(G))
where T1(G) C T(G) and T»(G) C T(G), then Ta(G) is a disconnected graph.

Proof. Let T1(G) C V(TA(G)), To(G) C V(Ta(G)). Let T1(G) be the set of triangles
of G given by
T1(G) = {vivug | viv;, vivg, viv, € E(G) }

and let T5(G) be the set of triangles of G given by
T5(G) = {vvyv, | a0y, V05, 050, € E(G) }
where {4, j,k} N {x,y, 2z} = 0. Hence we have that
V(T1(G)) = {vi | vi € V(tiji) ¥V tigi € To(G) }

and V(15(G)) = {vy | v € V(tays) ¥V tay. € To(G) }. Hence by definition of the tri-
angle graph, there will be no edges between any vertex of TA(G) in T1(G) and a
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vertex T»(G). By Definition 1.3.9, the graph Th(G) is disconnected since there exist
no path between the vertices in 77(G) and T5(G) in the construction of TaA(G). O

Corollary 3.2.9. Let G be a graph of order n, V(T(G)) be the vertices of all triangles
of G and let T;(G) C T(G). If V(T(G)) can be partitioned into q sets,
V(TV(Q)), V(Tx(G)),...,V(T,(G)), then the triangle graph Ta(G) is a disconnected

graph with g components.

Example 3.2.10. Let G be the graph given in Figure 3.5. Then V(T(G)) =
{ta34, ters, tsre } can be partitioned into V(T1(G)) and V(T3(QG)) as follows, V(T1(G)) =
{tass} and V(T5(G)) = {ters, tsro}. The triangle graph Th(G) is shown in the same

Figure 3.5 as a disconnected graph with 2 components.

U2

[ J [ —

tosa ts79 ters

: V4
n U3 4

TA(G)

Figure 3.5: Graph G and the triangle graph Tha(G).

3.3 Triangle graphs of certain classes of graphs

In this section, we discuss triangle graphs of certain classes of graphs.
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3.3.1 Triangle graph of a wheel graph

Recall Definition 1.4.11 that a wheel graph denoted W,,, is a graph with vertex set

V =A{vy,v9,...,0,_1,v,} and edge set

E — {{UhUQ}7{/027’03})"'7{Un—27vn—1}J{Un—lavl}a{vlavm}7{U27U1‘}7"'7{vn—17vz}}'

It is clear that an edge set of the form {v;v;y1,v;0,, V10, }, for i € {1,2,...,n — 1}
gives a triangle in W,,. Note that when ¢ = n — 1 then ¢ + 1 = 1. The following

proposition summarizes a few properties on wheel graphs.
Proposition 3.3.1. Let W,, be a wheel graph. Then,

e vertex v, will have degree n — 1.

e the number of edges is given by 2(n — 1).

e the number of triangles in W,, is n — 1 if n > 4.

e the number of triangles in W, is n if n = 4.

e W, s a planar graph.

We are now in a position to state and prove a proposition on the triangle graph of a
wheel graph. We note that by definition of a wheel graph, W, is a simple graph if

n > 4. Thus we only state the proposition when n > 4.

Proposition 3.3.2. Let W,, be a wheel graph and let Ta(W,,) be the triangle graph
of Wy. Then Ta(W,,) is a complete graph K, if n = 4.

Proof. The graph W, is given in Figure 3.6. Thus T'(W) = {v1v20,,, V2030, U301V, V10203 } =
{21, 29, 23, 24}, respectively. Hence V(Ta(Wy)) = {21, 22, 23, 24}. But v, is a vertex of
triangles z1, zo and z3, hence z129, 2923 and z3z; are edges of Ta(W,). In addition,
triangle viv9v3 = z4 has a common vertex with all other three triangles z; z5 and

z3. Thus 2124, 2024 and z3z4 are edges of Th(Wy). Thus we have Ta(W,) a graph on
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Wy

Figure 3.6: The wheel graph, Wj.

vertex set {z1, 22, 23, 24} and edge set {z;z;]i # j and i, € {1,2,3,4}} which is a
complete graph K.
[l

Proposition 3.3.3. Let W,, be a wheel graph and let TaA(W,,) be the triangle graph
of Wy. Then Ta(W,,) is a complete graph K, 1 if n > 4.

Proof. By the recalled definition of a wheel graph, it is clear that, a subgraph of W,
with edge set {v;viq1,Vig1Vs, vi0;} is a triangle. We denote this triangle by ti(1)e

and we label #;;1), by z;. Thus
TW,) = {tig+n=7€{1,2,...,n =1} and i+1=11if i=n}
= {Zl, 29y e ,Zn_l} = V(TA(WH))
But vertex v, is in all the triangles z;. Hence there is an edge between all pairs z;, z;

in V(Ta(W,)). Thus edge set E(Ta(Wy,)) = {ziz; | i # j,i,j € {1,2,...,n — 1} }.
Thus, Ta(W,,) is a complete graph of order n — 1. O

Corollary 3.3.4. Let W,, be a wheel graph and let Ta(W,,) be the triangle graph of

W,,. Then the triangle graph Ta(W,,) is n — 2 regular.

Corollary 3.3.5. Let W, be a wheel graph and let Ta(W,,) be a triangle graph of W,,.

Then the number of edges of Ta(W,,) is given by —(”71)2(”*2),
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3.3.2 Triangle graph of a Helm Graph

In this subsection, we define a special class of graphs called helm graphs which are

derived from wheel graphs.

Definition 3.3.6. A Helm graph, denoted by H,, is a graph obtained from a wheel
graph W,,, by adding n — 1 edges and n — 1 vertices such that the vertex set is

V ={v1,v9, ..., 0 1, Vg, W1, Wa, ..., w,_1} and edge set

E - {{0177}2}7{1}271}3}7"'7{/071727/07171}7{Un717vl}7{vlavx}7{U27U$}7"'7{/Un717vx}}

U{viwy, vaws, vsws, ..., vp1 w1}
For further details on helm graphs, we refer the reader to [21].

It is clear that the triangles of the wheel graph W, are the triangles of the new graph

H,,. The following proposition summarizes a few properties on helm graphs.
Proposition 3.3.7. Let H, be a helm graph. Then,

e H, is connected.

e vertex v, has degree n — 1.

e the order of H, is 2n — 1 and the size is 3(n — 1).
e the number of triangles in H, isn — 1.

e H, is a planar graph.

We are now in a position to state and prove a proposition on the triangle graph of a

helm graph.

Proposition 3.3.8. Let H, be a helm graph of order 2n — 1 and let Ta(H,) be the

triangle graph of H,. Then Ta(H,) is a complete graph K, ;.

Proof. For this proof we apply the same argument as in Proposition 3.3.3 on wheel

graphs. O
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Corollary 3.3.9. Let H,, be a helm graph of order 2n — 1 and let Tao(H,) be the

triangle graph of H,,. Then triangle graph Ta(H,) is n — 2 reqular.

Example 3.3.10. The graphs in Figure 3.7 are an example of a helm graph, H; and
its triangle graph Tha(Hy).

t ta

ty t3

Hy Ta(Hy)
Wy w3

Figure 3.7: Hy and Ta(Hy).

3.3.3 Triangle graph of a Sunflower graph

In this subsection, we define a special class of flower graphs called sunflower graphs.

For the definition of a flower graph we refer the reader to Chapter 1, Definition 1.4.13.

Definition 3.3.11. A sunflower graph denoted by 5,3, is a flower graph where
m = 3 and n > 2 with vertex set V = {vy,v9,...,0,, w1, ws, ..., w,} and edge set

E = {v1vg, 0903, . . ., Up_10p, Va1 } U {vgwy, 01w, Vows, . . ., Up_1Wy,, Un Wy, Vpwy } .

By Definition 3.2.1 of a triangle, it is clear that the edge set of the form
{vivig1, vipwg, vw; } for i € {1,2)... ;n} and i +1 = 1 if i = n, is an edge set of a
triangle of S, x3. Thus the vertex set for this triangle is {v;, v;41,w;} and hence the

triangle will be denoted by i1y = t;.
Proposition 3.3.12. Let S,,x3 be a sunflower graph. Then,
e S,«3 1S a connected graph.
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e the order of S,x3 1s 2n and the size is 3n.

e the degree sequence of vertices is given by 2,2,2...,2 ,4,4,4 4.
—_——— ——

There are three different cases for triangle graphs of sunflower graphs to be considered

namely; n =2, n =3 and n > 3.

Theorem 3.3.13. Let G = Says be a sunflower graph and let Ta(G) be the triangle
graph of Saxs. Then Ta(G) is a path graph Ps.

Figure 3.8: ngg and TA(SQX;g).

Proof. The graph G = Sy3 is given in Figure 3.8. Then the set of triangles of G,
T(GQ) = {vivowy, vivews} = {t112,t921} = {t1,t2}. Hence V(TaA(G)) = {t112,t201}-
The edge set E(TA(G)) = {t112taa1} = {t1t2} since {1,1,2} N {2,2,1} is not empty.
Hence, TA(G) is a path graph Ps. O

We now consider the sunflower graph S3.3.

Theorem 3.3.14. Let G = S3x3 be a sunflower graph and let Tao(G) be a triangle
graph of Ssxs. Then Ta(G) is a complete graph K.
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Figure 3.9: S3x3 and Ta(S3x3)-

Proof. The graph G = S33 is given in Figure 3.9. Then the set of triangles of G,
T(G) = {v1v9vg, Vo304, V45V, VaUgUs} = {t1,ta, 3,14} = {V(TA(G))}. It is clear
that each triangle ¢; has a common vertex with all the other triangles. Hence, Ta(G)

is a complete graph Kjy. O
We now consider the sunflower graph S,,.3 for n > 3.

Theorem 3.3.15. Let G = S, «3 be a sunflower graph for n > 3 and let Tao(G) be

the triangle graph of Spxs. Then Ta(G) is a cycle graph C,,.

Proof. By Definition 3.3.11 of a sunflower graph, the triangles of G are denoted by
tiii41) = t; where i +1=1if i =nand i € {1,2,...,n}. Thus

= {t112, %223, t334, - -, Lo }

= {tlat27t37"'7tn}'
By definition, {i,4,i+ 1} N{i+ 1,9+ 1,9+ 2} # () for defined . Thus

E(TA(G)) = {tii(i+1)t(i+1),(i+1),(i+2) | Z € 1, 2, o, n and Z + ]_ = ]_ lf'L =N }
= {t2t1+1|161,2,,nandl+1:11fZ:n}
= {tita, tats, tats, ...ty 1ttt}
Hence, TA(G) is a cycle graph C,,. O]
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Example 3.3.16. Consider Syy3 given in Figure 3.10. The set of triangles T'(Syx3) =
{t1,t2,t3,t4}. Hence, the set of vertices of the triangle graph, V(Ta(Sux3)) = {t1, t2, t3, 4}
The edge set of the triangle graph, E(Ta(Six3)) = {tite, tats, tstys, t1t4}. Hence, Ta(Syx3) =

C, verifying Theorem 3.3.15.

v
> “
V3

2

Six3 Ta(Six3)

Figure 3.10: Syx3 and Ta(S4x3).

3.3.4 Triangle graph of a fan graph

Definition 3.3.17. A fan graph denoted by f,, is a graph with vertex set
V ={vy,v9,...,05-1,v,} and edge set

E = {{v1,va},{ve,v3},. .., {vn_2,vn_1},{v1, v}, {v2, v}, ..., {vn_1,v:}}.

By Definition 3.2.1 of a triangle, it is clear that the edge set of the form
{vivig1, VUL, Vi1, } for @ € {1,2,...,n—2}, gives a triangle in f,, and we denote this
triangle by t;(41). For further details on fan graphs, we refer the reader to [15, 18].

We now state some basic properties of fan graphs.
Proposition 3.3.18. Let f,, be a fan graph. Then,
e f. is a connected graph.

e verter v, has degree n — 1.

47



e the order of f, isn + 1 and the size is 2n — 3.
e the number of triangles in f, is n — 2.

We are now in a position to state and prove a theorem on the triangle graph of a fan

graph.

Theorem 3.3.19. Let f, be a fan graph and let Ta(f,) be a triangle graph of f,.
Then Ta(f,) is a complete graph K, .

Proof. By Definition 3.3.17 of a fan, the triangles have edge sets of the form {v;v; 41, V;Vs, Vi1 10, }
for i € {1,2,...,n — 2} denoted by #;(41).. Let triangle t;;11), be labeled t;. Then
T(fn) = {ti,to,.. . tuo} = {V(Ta(fn))}. But each t;;41), has vertex v,, thus
E(Ta(fn)) = {tit; | i # jand 4,5 € {1,2,...,n — 2} }. Hence, Ta(f,) is a com-
plete graph of order n — 2. Il

Example 3.3.20. Consider the fan graph, f, given in Figure 3.11. The set of tri-
angles, T'(fy) = {t1,t2,t3}. Thus, the vertex set of the triangle graph, V(Ta(fs)) =
{t1,t2,t3}. But v, is a vertex of each triangle, thus the edge set of the triangle graph,
E(Ta(f1)) = {t1ta, tats, t1t3}. Hence, Ta(fs) = K3 verifying Theorem 3.3.19.

U1 %) U3 U4 t
|

t1 ta 2

to t3

Ta(fs) = K3
fa

Figure 3.11: f; and Ta(f4).

Corollary 3.3.21. Let f, be a fan graph and let Ta(f,) be the triangle graph of f,.

Then triangle graph Ta(f,) is n — 3 regular.
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3.3.5 Triangle graph of a Friendship graph

Definition 3.3.22. A friendship graph denoted by F),, is a graph with vertex set
V ={v1,v9,...,09,,0v,} and edge set

E = {{Ula UQ} ) {7}37 U4} [ {UQn—la U?n} ) {vla UZ’} ) {U27 Uac} [ {UQTM v:c}} .

By Definition 3.2.1 of a triangle, it is clear that the edge set of the form
{viViy1, VUL, Vi1, } for i € {1,3,5,...,2n — 1}, gives a triangle in F,,. We now state
some basic properties of friendship graphs. For further detail on friendship graphs,

we refer the reader to [18].
Proposition 3.3.23. Let F,, be a friendship graph. Then,
e [, is a connected graph.
e the order of F, is 2n+ 1 and the size is 3n.
e the number of triangles in F,, is n.
e F), is a planar graph.

We are now in a position to state and prove a theorem on the triangle graph of a

friendship graph.

Theorem 3.3.24. Let F,, be a friendship graph and let Ta(F,) be the triangle graph
of F,,. Then Ta(F,) is a complete graph K,.

Proof. Without loss of generality, we illustrate the proof using Fy in the diagram in

Figure 3.12.

The triangles in Fg are denoted by t;, thus we have the following set of triangles of Fj,

T(Fs) = {t1,ta,t3,t4,t5,t6} . This implies that V(Ta(Fg)) = {t1,ts,t3,t4, 5,16}, the

vertex set of T (Fg). Since all triangles in Fg share a common vertex v,, it implies that

each vertex of Ta(Fp) is connected to all the other vertices. This implies that the edge

set of Ta(Fy) is E(Ta(Fs)) = {tita, tits, ... titn, bots, . .. tobn, tata, . . . tstn, tats, tatg, tste, trtg ) -
Hence, Ta(F,) = Ta(F) is a complete graph K,, = Kg. O
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Fs Ta(Fs)

Figure 3.12: Illustration for the proof of Theorem 3.3.24.

3.4 Conclusion

In this chapter, we defined the triangle graph of a graph. We introduced some nota-
tions which we used throughout the chapter. We clarified the difference between the
triangle graph of a graph and the cycle graph of a graph, where the cycle is of order
3. Thereafter, we stated and proved some basic properties of a triangle graph of a
graph. We then discussed triangle graphs of certain classes of graphs, namely; helm

graphs, sunflower graphs, fan graphs and friendship graphs.
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Chapter 4

Triangle graph of a vertex-join

4.1 Introduction

In this chapter, we begin by defining the vertex-join of a graph, then we give some
properties of triangle graphs of vertex-join of graphs. Finally, we discuss some well
known classes of graphs which can be defined as vertex joins of other classes. Note

that we only discuss simple graphs in this chapter.

4.2 Basic definition

In this section, we give a formal definition of a vertex-join of a graph, followed by

illustrations of this concept through examples.

Definition 4.2.1. Let G be a graph of order n with vertex set V' = {vy,vq,...,0,}
and edge set E(G). The vertex-join of G is the graph denoted G with vertex set

V(G) =VU{v,},wherex ¢ {1,...,n} and edge set E(G) = E(G)U{v10z, VoVs, . .., Uy } .
Thus, the vertex-join of a graph G is a graph of order n + 1.

Example 4.2.2. The graph G given in Figure 4.1 has vertex set V(G) = {vy, v, v3,v4}

and edge set E(G) = {v1va, vavy, v304, 1103}, The vertex-join of graph G has vertex
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set V(G) = {v1, vg,vs, 04} U {v,} and edge set

E(G) = {v1v2, 1103, Va04, V304 } U {010, UaUy, V30, Vg4 } -

Vs
\
VAN
s
7 1 v\
,’ 1 (WERN
01 Vo 1 \ \
U1 . 7 \ .1’2
! \
/ \
! \
1 \
/ \
/ \
/ \
U3 Uy Vs V4
G ’ A
G

Figure 4.1: Graph G and the vertex-join G.

4.3 Properties

In this section, we now state and prove some basic properties of the vertex-join of a
graph.
It is clear that in the construction of the vertex-join of a graph, we create new cycles,

in particular triangles. Thus, we can write the set of triangles of the vertex-join,

A N

T(G), as T(G) = T(G) UT'(G), where T(G) is the set of triangles of the graph G
and T'(G) is the set of triangles of G which are not in 7(G). Thus T(G), can be

~

partitioned into two sets, T(G) and T"(G).

Lemma 4.3.1. Let G be a graph of order n with vertex set V= {vy,vg,...,v,} and
edge set E = {vv; | for somei,j € {l,...,n}}. Then each edge of G, v;v;, will be

an edge of a new triangle in G which is not in G.
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Proof. Let vyv; € E(G). By Definition 4.2.1 of G, then vv,,vv, € E(G). Since
E(G) C E(G), this implies v;v; € E(é) Hence we have that {v,v,,v,v,,v;0;} C
E(G) which is an edge set of a triangle by Definition 3.2.1. But this triangle is not

in G since vertex v, ¢ V(Q). O

Proposition 4.3.2. Let G be a graph of order n and size m. Let T’(é) be the set of
triangles in G but not in G. Then |T'(G)| = m.

Proof. Let G be the vertex-join of the graph G, V'(G) = V(G) — V(G) and E'(G) =
E(G) — E(G). Thus by Definition 4.2.1, E'(G) = {010y, Uavs, . . . , Upv, } and E(G) =
{viv; | 1,7 # x and for some 4,5 € {1,...,n} }. By Definition 3.2.1, a triangle is a
three element edge set {v;v;, v;ug, v;u,} on a three vertex set {v;, vj, v }. Hence there
are three cases of elements of T"(G):

Case 1. We first look at the case where we have three element edge set where two
edges are in E(G) and one edge in E'(G). Say vv;, vy € E(G) and vyv, € F'(G).
If v;v; = vy, we have parallel edges so it is not a simple graph. So we consider
v;vj # v, however we already have 3 distinct vertices as endpoints, so adding v,, v,
will add another vertex v, as an endpoint and v, does not matter in this case. This
contradicts the definition of a triangle, since we have at least four element vertex set.
Case 2. Secondly we consider the case were we have three element edge set where
all three edges are in E’(@) Say {v;vy, vV, VU, } where @ # j # k. This is a contra-
diction since we have a four element vertex set.

Case 3. Lastly we consider three element edge set where one edge is in E(G) and
two edges in E'(G), say we have {v;v;, vvg, vevgy. If {i,j} # {I,k}, there is a con-
tradiction, we have four vertices. But if {7, 5} = {l, k} we have {v,v;,v;v,,v;v,} on
three vertex set {v;,v;,v,} thus giving a triangle.

Hence since there are m edges of the form v;v;, the result follows that |T/(G)| = m. [

Corollary 4.3.3. Let G be a graph of size m and G its vertez-join. Then each

element of T'(G) will have vertez v,.
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Corollary 4.3.4. Let G be a graph of size m and G the vertez-join of G. Let T(G)
be the set of triangles of G. Then |TA(G)| = |T(G)| +m .

Proposition 4.3.5. Let G be a graph of size m and G the vertex-join of G. Then
the triangle graph of G, TA(G’) has a subgraph isomorphic to a complete graph K,, 1

Proof. Let T’(G) be the set of triangles of G which are not in G. By Proposition 4.3.2,
IT'(G)| = m. By Corollary 4.3.3, each element of 7"(G) has vertex v,. Hence by

construction of Th(G), each vertex of Ta(G) which is in 7'(G) will be connected to

the other m — 1 vertices. OJ

4.4 Examples of Classes

In this section, we redefine some classes of graphs which are vertex-joins of other
classes of graphs. In particular, we discuss the classes already discussed in Chap-
ter 3. Thereafter, we verify our propositions in Chapter 3 by applying our results in
Section 4.3.

We start by giving an alternative definition of a wheel graph as a vertex-join of another

graph.

Definition 4.4.1. Let G be a cycle graph C,,_;. We define a wheel graph of order

n, W, to be the vertex-join of C,,_;.

We now verify one of the properties of Proposition 3.3.1 in Chapter 3 for wheel graphs.
In Proposition 4.3.2, G is equal to C,,_; with m =n — 1 and G is W,,. C,_1 does not
have any triangles. Hence, W,, has m = n — 1 more triangles than C,,_;. Verifying

Proposition 3.3.1, that W,, has n — 1 triangles.

Example 4.4.2. The graph in Figure 4.2 illustrates a cycle graph C5 and the vertex-
join 6'5. We note that 6’5 is equal to a wheel graph Wj.
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Figure 4.2: Graph C5 and vertex-join Cs.

We now give an alternative definition of a fan graph as a vertex-join of another graph.

Definition 4.4.3. Let G be a path graph P,_;. We define a fan graph, f, to be the

vertex-join of P, ;.

We now verify one of the properties of Proposition 3.3.18 in Chapter 3 for a fan graph.
In Proposition 4.3.2, GG is a fan and is equal to P,_; with m =n—1 and G. P,_1 does
not have any triangles. Hence f, has m = n — 1 more triangles than P, _; verifying

Proposition 3.3.18 that f,, has n — 1 triangles.

95



Example 4.4.4. The graph G given in Figure 4.3 is a path graph P, and the vertex-

join of Pj.
° ° ® ° Q ° ' °
. \ / P
\\ \ / ’
P N \ ! s
4
s v,
\\ \ / ’
4

NV,

\¥,

Vg

Pi=f

Figure 4.3: Graph P, and vertex-join Pj.

4.5 Conclusion

In this chapter, we discussed the concept of the vertex-join of a graph. In Section 4.3,
we stated and proved some properties of the triangle graph of a vertex-join. We
concluded the chapter by giving alternative definitions of wheel graphs and fan graphs
as vertex joins. We verified some of the properties stated in Chapter 3 for wheel graphs

and fan graphs.
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Chapter 5

Conclusion

In this dissertation, we set out to study derived graphs. We first looked at the
historical background of graphs and derived graphs. Then we discussed some basic
definitions and terms most commonly used in graph theory choosing the notations
to be followed where a term has different notations in the literature . Thereafter, we
looked at some classes of graphs which were useful in writing up this dissertation. We
discussed derived graphs that come from different kinds of graph operations. We then
discussed intersection graphs and chose only to discuss one type, interval graphs. We
finally mentioned chordal graphs which some authors classify them under intersection
graphs, but we chose to classify them under graph operations.

We noted that there are many graph operations but we chose to concentrate our study
on line graphs in Chapter 2. With line graphs, we studied some known properties for
certain classes of graphs mentioned in Chapter 1. Of much interest was the alternative
ways of finding the number of edges of the line graph of a certain class of graph.

In Chapter 3, we discussed the main structure of this dissertation, the triangle graph
of a graph. We established some notations which were used throughout from Chapter
3 to the end. Thereafter, we defined a graph operation called the triangle graph of a
graph. We clarified the difference between the triangle graph of a graph and the cycle
graph of a graph, where the cycle is of order 3. We then stated and proved a few
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properties of a triangle graph of a graph. Furthermore, we discussed triangle graphs
of certain classes of graphs, namely; wheel graphs, helm graphs, sun flower graphs
and friendship graphs.

Finally, in Chapter 4, we first discussed a well known graph operation called vertex-
join of a graph G. Thereafter, we gave some general properties of a triangle graph
of a vertex-join of a general graph. In addition, we gave alternative definitions of a
wheel graph and a fan graph as vertex-joins of some classes of graphs. We concluded
by verifying some properties from Chapter 3 for wheel graphs and fan graphs.

For further studies, one can address the following questions on triangle graph of a

graph.
1. When can a triangle graph of G be isomorphic to G?

2. Can you determine classes of graphs such that the triangle graph of G is bigger

in terms of size than the original graph G?

3. Is any graph G a triangle graph of some other graph?
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